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Nucleation rate of the quark-gluon plasma droplet at finite
quark chemical potential
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Abstract. The nucleation rate of quark-gluon plasma (QGP) droplet is computed at finite quark
chemical potential. In the course of computing the nucleation rate, the finite size effects of the
QGP droplet are taken into account. We consider the phenomenological flow parameter of quarks
and gluons, which is dependent on quark chemical potential and we calculate the nucleation rate
of the QGP droplet with this parameter. While calculating the nucleation rate, we find that for
low values of quark phenomenological parameter γq, nucleation rate is negligible and when γq
increases, nucleation rate increases significantly.
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1. Introduction

Quantum chromodynamics (QCD), a true theory of strong interactions, is a key [1] to
understand the phase transition from a confined hadronic matter to a deconfined matter
of free quarks and gluons. Extracting some meaningful results using the core QCD is a
very complicated task, and so it becomes imperative to devise some phenomenological
models to fetch information regarding this new matter called quark-gluon plasma (QGP).
One of the model extensively used in the literature is the statistical model. This model
assumes that the QGP–hadron system is at quasistatic equilibrium enabling applicability
of equilibrium statistical mechanics to this complicated system. This assumption has been
successfully employed by many pioneers in this field [2,3].

Although this phenomenon is complicated, it is widely accepted that experiments at
Relativistic Heavy Ion Collider (RHIC) at BNL and LHC at CERN indicate the forma-
tion of this highly dense matter called quark-gluon plasma. The energy density of the
deconfined matter may reach a very high value due to large fluctuations in the system. If
the energy density in a particular finite region of space is more than some critical value
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(1–2 GeV/fm3), then in that small space the matter is more readily described as a quark-
gluon plasma rather than as a hot gas of hadrons. It means that the formation of QGP
takes place in a small finite region and the effect of finite size is necessary to explain the
evolution of the system [4]. Another important issue is that while calculating the nucle-
ation rate of the QGP droplet, it is necessary to consider the finite size of hadrons [5].
These corrections are properly taken care of in the workout of this paper.

Now, in the framework of the homogeneous nucleation theory, the nucleation rate of
the plasma droplet can be estimated as [6]

I = I0 exp

(
−�Fc

T

)
, (1)

where I0 is the prefactor, T is the temperature and �Fc is the change in free energy
due to the formation of a critical size plasma droplet (i.e. critical free energy). The
prefactor was first computed by Kapusta and Cernai in a course-grained effective field
theory approximation to QCD and this type of work is further extensively studied to the
finite baryonic density by Venugopalan and Vischer [6]. The prefactor influences the
growth rate and statistical fluctuations. It also accounts in the calculation of the available
phase space.

In the present study, the nucleation rate of the QGP droplet from hadronic medium is
calculated at finite quark chemical potential taking into consideration the surface tension
and the shape contribution of the QGP droplet. We used Ramanathan et al [7,8] statistical
model in which the effective QCD potential is considered, to construct the density of states
for quarks and gluons. These types of potential models give a very successful explanation
in the case of particle multiplicities.

This paper is organized as follows: in §2, we briefly explain the density of states at finite
quark chemical potential. We calculate the nucleation rate in §3. Finally, we present the
result and conclusion in §4.

2. Density of states at finite quark chemical potential

We construct the density of state at finite quark chemical potential following the proce-
dures of the Thomas–Fermi electronic model of atom and Bethe’s model of nucleons [9].
The density of states for relativistic particles like quarks and gluons at these chemical
potential is defined as

ρq,g(k, μ) =
[
v(2m)3/2

2π2

]
[−Veff(k, μ)]1/2 ·

[
−dVeff(k, μ)

dk

]
, (2)

where k is the relativistic four momentum of the quarks and gluons, v is the volume of the
droplet and Veff is a suitable effective confining potential, depending on finite chemical
potential, set up between the current quarks–antiquarks and gluons in the system. It is
defined as

Veff(k, μ) =
(

8π

27k

)
γ ′

g,q

(
1

ln(1 + k2/�2)

)
T 2 − m2

0

2k
. (3)

γ ′
g,q is the phenomenological flow parameter of quarks and gluons and � is the QCD

parameter taken as 150 MeV.
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In this effective potential we use the chemical potential through the phenomenological
flow parameters of quarks. The parameter γ ′

q is obtained by modifying our earlier value of

γq. It is done by replacing γq by γq[1 + μ2

π2T 2 ]. We are representing this modified value by
γ ′

q. The modification is inspired by the work of ref. [10] and this modified value enhances
the nucleation rate of the QGP droplet. Moreover, the gluon parameter remains the same
as the earlier one, i.e. γ ′

g as γg. The value of γg is fixed as 1/3, which is also chosen by
Peshier. The effective potential is obtained through the thermal Hamiltonian [11] as

H(k, T ) = [k2 + m(T )2]1/2, (4)

which in the large k limit can be expressed as

H(k, T ) = k + m2
0

2k
− (m2

0 − m2(T ))

2k
, (5)

where m(T ) is the thermal-dependent quark or gluon mass.

3. Nucleation rate at finite quark chemical potential

The nucleation process is naturally driven by statistical fluctuations. It is determined by
the critical free energy difference between the two phases. The free energy difference
between the quark and the hadronic phases, by considering the curvature and shape of the
droplet, can be approximated as [4,7,8]

�F = −4π

3
R3[Pq,g(T, μB) − Phad(T, μB)]

+ 4π R2σ + 8πC R + τcriticalT ln

[
1 + 4π R3

3
sq,g

]
. (6)

In the equation, there are the usual volume or pressure contribution, surface contribution
proportional to the surface tension σ , curvature and shape contribution. As the system
undergoes a transition near the temperature T = 170 MeV, the suitable surface tension
obtained near the strong interacting phase is around 50MeV/fm2, which is very much
closer to the lattice calculation of surface tension [12]. The shape contribution is an
entropy term on account of the fluctuations in droplet shape. τcritical is called the Fisher
critical exponent, for which we choose to have a value of 2.2 and sq,g is the entropy of the
QGP droplet.

Since the prefactor is valid for the case where curvature is not important and there
exists no derivation of the prefactor with curvature term in the literature, for the present
calculation we have not considered the curvature term.

The pressure difference is attributed to Pq,g(T, μB), which is the sum of pressure con-
tributed by all the quarks and gluons and Phad(T, μB), the sum of pressure contributed
by all the hadrons in the hadronic medium with the suitable finite volume correction.
In the present calculation, we consider three flavours of quarks, their antiparticles and
gluons for the QGP. For the hadronic sector, the pions, nucleons, �,λ,
,� and the
corresponding antiparticles are considered. We have used the current (dynamic) quark
masses mu = md = 0 MeV and ms = 150 MeV.
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The pressure contribution of quarks and gluons can be calculated by using the equation

Pi = ±T gi

v

∫
dkρq,g(k, μ)[ln(1±e−(

√
m2

i +k2−μi )/T)+ln(1±e−(
√

m2
i +k2+μi )/T] .

(7)

In the expression, the fermionic and bosonic particles are indicated by the upper and
lower signs. ρq,g(k, μ) is the density of states for the particular particle i (quarks, gluons
etc.). gi and μi are the appropriate degeneracy factor and chemical potential. v is the
volume of QGP system. The values of the quark chemical potential μq are taken as 100,
200, 300 and 400 MeV and the electric charge, chemical potential and strange quark
chemical potential are considered to be zero.

The pion pressure is given as

P0
π = −

(
3T

2π2

) ∫ ∞

0
k2dk ln(1 − e−

√
m2

π +k2/T ) . (8)

Pressure and baryon density contributed by the baryons and antibaryons are given as

P0
B = −

(
T

2π2

)
gi

∫ ∞

0
dkk2[ln(1 + e−(

√
m2

i +k2∓μi )/T )] , (9)

n0
B = gi

2π2

∫ ∞

0
dk k2

⎡
⎣ 1

exp
[(√

m2
i + k2 ∓ μi

)
/T

]
⎤
⎦ , (10)

where gi , mi and μi are appropriate degeneracy, mass and chemical potential for baryons
and antibaryons. Another important point is that hadrons are not considered as point
particles. They have finite volume and the above relations are only for point particles. So
we need appropriate corrections for these point particle hadrons. The correction factor for
these hadrons are taken from the Kouno and Takagi approach [5]. The corrected pressure
and number density for baryons are given as

Ph = P0
B

1 + n0
BVh

+ P0
B̄

1 + n0
B̄

Vh
+ P0

π , (11)

nB = n0
B

1 + n0
BVh

− n0
B̄

1 + n0
B̄

Vh
, (12)

where P0
B, P0

B̄
, n0

B and n0
B̄

are the pressure and number density for all the point-like baryons
(i.e. nucleons, �,λ,
,�) and corresponding antibaryons. Vh is the hadronic hard core
volume and it is defined as Vh = 4

3π R3, where R is the hadronic hard core radius, which
is suitably chosen as R = 0.9 fm [5].

Now, we use eq. (1) for calculating the nucleation rate the QGP droplet. The first term
in the right-hand side is the prefactor I0 which is given as

I0 = κ

2π

0 . (13)
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The dynamical prefactor κ is given by

κ = 2σ

(�ω)2(Rc)3

[
λT + 2

(
4

3
η + ζ

)]
, (14)

where λ is the thermal conductivity and η , ζ are viscosities of the hadronic phase. The
bulk viscosity ζ is very small compared to shear viscosity η and can be neglected. �ω is
the difference in enthalpy densities of the two phases. For these dissipative coefficients
we have used the parametrization of Danielwicz [3,13].

η =
(

1700

T

)2 (
n

n0

)2

+ 22

1 + T 2/1000

(
n

n0

)0.7

+ 5.8T 1/2

1 + 160/T 2
, (15)

λ =
(

0.15

T

) (
n

n0

)1.4

+ 0.02

1 + T 4/7 × 106

(
n

n0

)0.4

+ 0.0225T 1/2

1 + 160/T 2
. (16)

To a first approximation the statistical prefactor 
0 is:


0 = 2

3
√

3

(σ

T

)3/2
(

Rc

ξh

)4

. (17)

ξh is the correlation length in the hadronic phase which is taken as 0.7 fm and n0 is the
normal nuclear matter density.

Figure 1. The free energy �F as a function of droplet radius R, at γg = 1/3 and

γ ′
q = 2(1 + μ2

π2T 2 )γg, i.e. γq = 2γg for different temperatures, at quark chemical
potential μq = 400 MeV.
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4. Result and conclusion

In this paper, we have calculated the nucleation rate of QGP droplet from the hadronic
medium at finite baryon density. For evaluating the nucleation rate, it is required to find
the critical free energy change when QGP droplet is formed in the hadronic medium. The
nucleation rate depends on the change in critical free energy.

The parameters γg and γ ′
q are phenomenologically used, with certain modifications due

to finite quark chemical potential. The whole set of parameters for quarks are considered
after fixing the gluon parameter as the Peshier value, γg = 1/3.

In figures 1–3, we show that with the increase in the value of γq there is a decrease in
critical free energy and a decrease in critical radius. We find that for very high value of γq,
critical free energy and critical radius are much lower indicating that droplets are highly
unstable. For a vanishingly small value of �Fc, hadron–QGP transition takes place spon-
taneously without the formation of QGP droplets, which is observed in the figures as we
increase the parametrization value from γq = 2γg to γq = 6γg. The formation of droplet
size is also effected by the quark chemical potential. We fix the quark chemical potential
as μq = 400 MeV in the figures because, as we increase the quark chemical potential
μq, the critical free energy and critical radius decrease. For μq larger than 400 MeV, the
critical free energy and critical radius corresponding to γq = 6γg and subsequent higher
values of γq, are very small and for μq smaller than 400 MeV, free energy corresponding
to γq = 2γg and subsequent lower values, increases without showing any critical value.

Figure 2. The free energy �F as a function of droplet radius R, at γg = 1/3 and

γ ′
q = 4(1 + μ2

π2T 2 )γg for different temperatures, at quark chemical potential μq = 400
MeV.
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Figure 3. The free energy �F as a function of droplet radius R, at γg = 1/3

and γ ′
q = 6(1 + μ2

π2T 2 )γg for different temperatures, at quark chemical potential μq =
400 MeV.

Then in figure 4, the variation of nucleation rate with temperature is shown at γq =
4γg, γg = 1

3 for various values of quark chemical potential. Although the nucleation
picture is discussed for γq = 4γg, γg = 1

3 only, the physical outcome will remain the
same for any other value, for example, γq = 6γg, γg = 1

3 . It is not reliable to take any
higher values for quark phenomenological parameters since for them the droplet radius is
small and hence prefactor estimation will be unreliable. At the same time, it is not right
to take the quark phenomenological parameter too low, i.e. γq ≤ 2γg since for these low
values the nucleation rate vanishes.

From the figure we can recognize the well-known fact that the transition temperature
decreases with increase in chemical potential. We would like to mention here that in
the context of the present model, the modification in the phenomenological parameter of
γq and the dependence of inter-quark potential on quark chemical potential, show this
trend of decreasing the transition temperature with chemical potential and this decreasing
phenomena cannot be observed in the case of simple quark and gluon flow parameters.

Moreover, in figures 5 and 6 we investigate the variation of the exponential factor and
nucleation rate of the QGP droplet with the quark phenomenological parameters. These
figures are plotted for 180 MeV temperature and 100 MeV quark chemical potential but
the physical outcome will remain the same for any other value of temperature and quark
chemical potential. In figure 5, for low values of γ ′

q the exponential factor in nucleation
rate equation is vanishingly small and hence nucleation rate vanishes. For higher values
of γ ′

q, the exponential factor increases. This is also supported by figure 6. Figure 6 clearly
shows that with the increase of γ ′

q, nucleation rate increases but for very large values of γ ′
q,
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Figure 4. The nucleation rate of plasma droplets as a function of temperature. Curves
are for different quark chemical potentials.

it is ambiguous to predict anything about the change in the nucleation rate as the critical
radius obtained will be very low when the value of γ ′

q is very large. In such a situation the
calculation of the prefactor is found to be invalid.

We conclude that even such a simplified model can grasp lots of physics behind hadron–
QGP phase transition. The crucial role played by the phenomenological flow parameters

Figure 5. Variation of exp(−�Fc/T ) with respect to γ ′
q at a fixed temperature

T = 180 MeV and quark chemical potential μq = 100 MeV.
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Figure 6. Variation of I (nucleation rate) with respect to γ ′
q at a fixed temperature

T = 180 MeV and quark chemical potential μq = 100 MeV.

in developing a statistical model for hot plasma system of QGP indicates their need and
importance. It is demonstrated that these parameters should vary with quark chemical
potential and temperature.
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