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Abstract

The total fusion cross-sections are calculated for energies both above and below the potential barrier 
by using the properties of the interaction potential in Hill-Wheeler approximation for a positive Q-value 
system 28

14Si+28
14Si. The Coulomb and centrifugal parts of the potentials are added directly to the nuclear 

proximity potential to calculate the total interaction potential, where nuclear proximity potential is obtained 
in semiclassical extended Thomas-Fermi approach of Skyrme energy density formalism for Skyrme SIV 
parametrization. The angular momentum spectrum of total cross sections is obtained and calculated by using 
angular momentum dependent properties of the total interaction potential. The properties of total interaction 
potential, which are usually treated as independent of angular momentum, i.e. barrier height, barrier position 
and its width are calculated and found to depend sharply on the angular momentum value at a fixed center 
of mass energy. It effect the fusion cross-section sufficiently above the barrier energy. However at energies 
below the barrier energy the addition of large angular momentum values have negligible effects on fusion 
cross-section. Further, the maximum in fusion cross-section is observed at a particular value of angular 
momentum, which is not equal to the maximum value of angular momentum.
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1. Introduction

Recently in an experiment [1] the total fusion cross-section is measured for 28
14Si+28

14Si 
(Qin = 10.9 MeV), at Laboratori Nazionali di Legnaro of Italian Institute of Nuclear Physics 
(INFN), at energies close and below the barrier upto 600 nb. The data of the experiment in com-
parison with calculations has shown that the calculated fusion cross-section is overestimated in 
coupled channel (CC) framework, except for low energies. In order to describe the observed 
behavior in the fusion cross-section the parameters of the interaction potential i.e. M3Y+repul-
sion, were adjusted to fit the data. Similarly to predict the form of nuclear potential, in an earlier 
work [2], has reanalyzed the data for the same system within same framework of CC by using 
the experimental data of Refs. [3–5] and more data with higher precision is expected to explain 
the observed behavior at above barrier energies. It indicates that for the study of the total fu-
sion cross-section the search for an appropriate potential is still a matter of great interest. So it 
will be interesting to see the effect of interaction potential obtained from semiclassical extended 
Thomas-Fermi approach of Skyrme energy density formalism (SEDF) on fusion cross section of 
the system 28

14Si+28
14Si (Qin = 10.9 MeV). Since SEDF has ability to give different kind of nuclear 

potential for different Skyrme forces, but here we have used Skryme force SIV, because it has 
found be in agreement with fusion data, except at energies [7] above the barrier. So we can study 
fusion cross-section at these energies by using the above mentioned total interaction potential 
and its properties.

In the present work, the Coulomb and centrifugal potentials are added directly to the nuclear 
proximity potential to obtain and calculate total nuclear potential and hence its properties are 
utilized to obtain fusion cross-section. The nuclear(proximity) potential is calculated by using 
semiclassical extended Thomas-Fermi (ETF) of SEDF for Skryme force SIV. This approach at 
ETF level contains the second and higher order contribution of order parameter h̄, for both ki-
netic as well spin orbit energy density [8,9] but here the calculations are restricted upto second 
order which is found to have good numerical convergence [10]. Further for the calculations of the 
nuclear density we have used the temperature dependent two parameter Thomas-Fermi density 
[11,12] with in slab approximation. The parameters of TF density are taken from Ref [13] while 
their temperature dependence is taken from Ref [14]. Since addition of the angular momentum 
based potential (i.e. centrifugal potential), equivalent repulsive nuclear potential, so it gives dif-
ferent kind of interaction potential for different partial waves or different l-values). So it gives an 
opportunity to study the effect of angular momentum based total potential on the study of fusion 
cross sections.

In calculations of the fusion cross-section depending upon the angular momentum we have 
used the Hill-Wheeler (HW) formula [15] for each partial wave. Since in HW approximation 
the tunneling probability can be calculated for the penetration of each of the partial wave at a 
given energy so it provides a simple formula for fusion cross-section depending upon angular 
momentum at a given energy. The fusion cross section obtained through HW approximation are 
calculated here in two ways, in the first way all the barrier properties namely barrier height, 
barrier curvature/width and barrier position, are taken as function of angular momentum while 
in other case only barrier height is taken as variable. The reason for considering the second 
case is based on the approximation which is used in refs. [2,16] to calculate the height of the 
interaction barriers. Then so obtained fusion cross-sections are compared with data of Ref. [1]
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and recently available data of Ref. [6] over all the available energy range. In the earlier case, 
we calculated fusion cross section for each of the partial wave upto a certain value of angular 
momentum and then summed up cross section is calculated by sunning individual cross-sections. 
The comparison of calculated fusion cross-section with the experimentally measured data [1,6]
allowed us to approximately assign maximum value to angular momentum which is required to 
reproduce the data with in experimental limit of error over all the energy range available.

The paper is organized in various sections as, Sec 2 describe the model way of calculation 
of total interaction potential as function of inter-nuclear distance and fusion cross-section using 
angular momentum (�) dependent HW approximation. Sec 3, starts with discussion that how the 
addition of angular momentum based potential effects the properties of total interaction poten-
tial and then these effects are inculcated in fusion cross-sections calculations as a function of 
angular momentum and is shown graphically. Finally section 4, concludes with significance of 
incorporating the angular momentum effect along with HW approximation.

2. Methodology

In this section we have discussed the details of the method which is used in the calculation 
of the fusion cross section depending upon angular momentum (�) and center of mass energy 
(Ecm). The total fusion cross-section is obtained and calculated by using the properties of the 
total interaction potential. The Coulomb and centrifugal parts of the potentials are added directly 
to the nuclear proximity potential to calculate the total interaction potential, where nuclear prox-
imity potential is obtained in semiclassical extended Thomas-Fermi approach of Skyrme energy 
density formalism for Skyrme SIV parametrization.

In SEDF, the nuclear interaction potential as a function of inter-nuclear separation which is 
defines as the difference between the energy average value of the two nuclei that are overlapping 
(at a finite separation distance R) and are completely separated (at R = ∞) and is,

V (R) = E(R) − E(∞) (1)

where E = 
∫

H(�r)d3�r, is the energy average value of Skyrme Hamiltonian density (for details 
see refs. [13,17]), and is

H = h̄2
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where �J = �Jn + �Jp, ρ = ρp +ρn, τ = τp +τn, are the spin-orbit, nuclear, and kinetic energy den-
sities respectively, xi, ti , α0, and W0 are the Skyrme force parameters, fitted by different authors, 
(for detail see refs. [9,18]) for the ground state properties of the nuclei.

The kinetic energy density term, τq , is in second order of expansion (enough for numerical 
convergence [10]), is
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the effective mass form factor is fq(�r), which is function of effective mass term (m∗(�r)) is:

fq(�r) = m
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where q = p or n for proton (or neutron). The spin �J has no contribution at the semiclassical 
functional in the lowest order, the second order contribution is,

�Jq(�r) = −2m

h̄2

(
1

2
W0

)
1

fq

ρq
�∇(ρ + ρq) (5)

The nuclear interaction potential between the two interacting nuclei is given as,

VN(R) =
∫ [

H( �J ,ρ, τ ) − {H1( �J1, ρ1, τ1) + H2( �J2, ρ2, τ2)}
]
d3r

where �J = �J1 + �J2, ρ = ρ1 + ρ2, andτ = τ1 + τ2 for the composite system, in the sudden ap-
proximation. The nuclear potential (with in slab approximation) becomes (for detail see refs. 
[12,13]),

VN(R) = 2πR̄

∞∫
s0

e(s)ds, (6)

where R̄ = R01R02/(R01 + R02) is the mean curvature radius/geometrical factor, R0i are the 
central radii of interacting nuclei and e(s) is the interaction energy per unit area between two flat 
slabs of semi-infinite nuclear matter with surfaces parallel to the x − y plane and moving in the 
z-direction separated by distance s, having a minimum value s0, is given by,

∞∫
s0

e(s)ds =
∫

[H( �J ,ρ, τ ) − {H1( �J1, ρ1, τ1)

+ H2( �J2, ρ2, τ2)}]dz. (7)
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As �J and τ , both depends upon ρ, so H becomes function of ρ only. Since both spin-orbit 
density independent part (attractive) and dependent (repulsive) acts differently, so Eq. (6) can be 
expressed as,

VN(R) = VP (R) + VJ (R) (8)

Then the total nuclear potential (VT (R)) is obtained by adding explicitly the Coulomb poten-
tial (VC(R) = 1.44Z1Z2/R), the centrifugal potential part (V�(R) = h̄2�(� + 1)/2μR2) to the 
nuclear proximity potential (VN(R)).

The nuclear matter density, ρi = ρni
+ ρpi

, where ρni
= (Ni/Ai)ρi and ρpi

= (Zi/Ai)ρi , 
i = 1, 2 for the two overlapping nuclei [13], is the two parameter Thomas-Fermi density as a 
function of temperature with in the slab approximation is,

ρi(zi , T ) = ρ0i (T )

[
1 + exp

(
zi − R0i (T )

a0i (T )

)]−1

(9)

with −∞ ≤ z ≤ ∞ and z2 = R − z1, and central density is,

ρ0i (T ) = 3Ai

4πR3
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The temperature dependence or the effect of center of mass energy is included through the two 
parameters of the two parameter Thomas-Fermi density. The temperature T (in MeV) is related 
to the center of mass energy (Ecm) as,

E∗
CN = Ecm + Qin =

(
A

9

)
T 2 − T (11)

where E∗
CN is compound nucleus excitation energy and Qin is the Q-value of reaction, A is the 

mass number of the fused system. The central radii R0i(T = 0), surface thicknesses a0i (T = 0)

are taken from ref. [13], while their temperature dependence is taken from ref. [14].
The fusion cross-section as a function of center of mass energy (Ecm) in the partial wave 

analysis is defined as,

σf (Ecm, �) = πh̄2

2μEcm

�max∑
�=0

(2� + 1)P (Ecm, �) (12)

where P(Ecm, �) is the penetration probability in Hill-Wheeler approximation [15] for a given 
partial wave and center of mass energy and is,

PHW(Ecm, �) = 1[
1 + exp

{ 2π
h̄ω�

(VB� − Ecm)
}] (13)

where VB�, h̄ω� are �-dependent interaction barrier height, barrier width respectively. The fre-
quency ω� which is related to the interaction barrier is calculated by applying parabolic approx-
imation at the top of interaction barrier by using the equation given below,

VT (R) = VB� − 1

2
μω2

�(R − RB�)
2 (14)

where RB� is �-dependent barrier position and μ is the reduced mass of fusing nuclei.
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Fig. 1. The nuclear potential as function of separation distance (R) of overlapping nuclei at a center of mass-energy 
(Ecm) = 22 MeV, for different angular momentum, for SIV force.

3. Results and discussion

In this section first we have calculated the total nuclear potential as function of separation 
distance (R) of overlapping nuclei. Then the properties of calculated total interaction potential 
(barrier height, its position, and the barrier width) are used in calculation of the fusion cross 
sections. The fusion cross sections are calculated for different values of angular momentum for 
the energies near, above and below the interaction barrier. Firstly, as for angular momentum � >
26h̄ the pocket in potential vanishes the calculation is obtained by adding the fusion cross section 
up to �max = 26h̄. Then fusion cross-sections are summed upto that value of angular momentum 
which it fits the experimental data [1,6] using HW approximation. Then the calculated fusion 
cross-section is compared with experimental data by taking �max = 38h̄ as predicted in ref. [2]
for this system.

For calculating fusion cross-section, we have calculated all the barrier properties, obtained 
by using parabolic approximation at the top of barrier, which in turn is a function of angular 
momentum at a given center of mass energy and then so obtained properties are used to obtain the 
fusion cross section using HW approximation at that energy. Then the calculations are extended 
over the entire available energy range. However in another way, only barrier height is taken as a 
function of angular momentum where as other two properties are assumed to be independent of 
angular momentum based on the approximation used in refs [2,16].

Fig. 1 shows the calculated nuclear potential for a positive Q-value system 28Si+28Si at 
Ecm = 22 MeV, for Skyrme force SIV. The nuclear potential is calculated at different angular 
momentum. From the Fig. 1 the following changes in the total interaction potential are observed 
with the increase in angular momentum, (i) the separation among the successive barriers is in-
creasing and hence the barrier height increases (ii) slight shift in the position of the barrier toward 
the left side of interaction barrier (VB(� = 0)) i.e. it decreases with increase in � (iii) and as a 
consequences of change in latter two properties causes the change in barrier curvature/width, 
which is calculated using parabolic approximation. It is also observed that the potential pocket 
disappear at � = 28h̄. Therefore we have obtained the fusion cross section upto maximum angular 
momentum, �max = 26h̄.
6
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Fig. 2. The barrier properties (barrier height, barrier position, barrier curvature) of total nuclear potential as function of 
angular momentum at two different center of mass-energy i.e. at Ecm = 22 MeV, upper panel and Ecm = 38 MeV, lower 
panel, for SIV force.

The changes in the barrier properties can be seen clearly to depend upon the angular momen-
tum at a given center of mass energy in Fig. 2. In the figure [2], properties of the barrier (barrier 
height (VB ), position (RB ), and the barrier curvature/width (h̄ω)) are plotted versus angular mo-
mentum at two different center of mass energies which are far below i.e. at Ecm = 22 MeV (upper 
panel) and far above the Coulomb barrier (≡ VB0) i.e. at Ecm = 38 MeV (lower panel). The solid 
line shows the calculated barrier properties by taking maximum angular momentum �max = 28h̄

while the dashed line shows the calculations with �max = 38h̄, which is based on assumption 
that is used in refs. [2,16], where the angular momentum dependent barriers were parameterized 
by taking barrier width and barrier position independent of angular momentum. From the figures 
[2(a)&(d)], it is clear that the dashed line start deviating from the solid line with increase in an-
gular momentum which indicates that at given angular momentum the barrier height predicted 
from assumption based from refs. [2,16] is comparatively less as predicated from the calculation 
for � = 28h̄ shown by solid line. From the figures [2(b)&(e)] and [2(c)&(f)] it is observed that 
the position of the barrier and its curvature depends upon angular momentum (shown with solid 
line) where as these are treated constant in refs. [2,16], shown with dash line.

Further it is also observed that with increase in the angular momentum the position of the bar-
rier shifts toward left end of Coulomb barrier and this shift is shown by lowering in the position 
of the barrier, see figure [2(b)&(e)] and the barrier curvature increases, see [2(c)&(f)] upto cer-
tain value of angular momentum and then start decreasing. The barrier properties, based on the 
total nuclear potential, are also function of temperatures i.e. see eqn. (11) because in the calcu-
lations of the total interaction potential the nuclear potential is obtained within the semiclassical 
extended Thomas-Fermi approach of SEDF using sudden approximation where the nuclear den-
sity used is two parameter Thomas-Fermi density. The parameters are taken from ref [13], while 
their temperature dependence is taken from ref. [14]. On comparing these barrier properties at 
two different center of mass energies for a given angular momentum it is observed that with in-
crease in the center of mass energy the height of the barrier decreases whereas the position of the 
barrier increases. The decrease in barrier width is also observed with increase in Ecm.
7
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Fig. 3. The calculated fusion cross-section as a function of angular momentum using HW approximation at different 
center of mass energy, for SIV force.

Next we have calculated the fusion cross-section as a function of angular momentum using 
HW approximation. Since, in HW approximation at a given energy the penetration probability 
depends upon the angular momentum and hence the corresponding fusion cross-section can be 
calculated. Figure [3] shows the calculated fusion cross-section versus angular momentum at 
different Ecm. In the figure [3], the inset shows the plot of fusion cross-section at low energies 
which are far below the Coulomb barrier. Since at these low energies the calculated fusion cross-
section is very low, in order to show the comparative variation the fusion cross-section at different 
energies the calculated fusion cross-section are shown in inset. In the inset figure, fusion cross-
section calculated at Ecm = 22 MeV is multiplied with a factor of 5, similarly at other energies 
the cross-sections are multiplied with some other factor (can be seen in inset figure). From figure 
[3] it is quite clear that at given Ecm the fusion cross-section increase upto certain value of 
angular momentum (which we called σmax) and then start decreasing with the increase in angular 
momentum. It is found that rate of the increase in the fusion cross-section which further depends 
upon angular momentum is almost linear upto σmax and then start decreasing rapidly at higher 
Ecm. However the same is not observe at low Ecm, where the rate of increase as well decrease 
in fusion cross-section is almost same. It is observed that angular momentum corresponding to 
σmax is increases with increase in Ecm. The variation of σmax with the center of mass energy 
and the corresponding variation in the angular momentum can be plotted simultaneously. This 
variation is shown in the figure [4].

Then the calculations are obtained for the summed up fusion cross section for maximum 
angular momentum � = 26h̄ (dashed line) and are compared with the experimental data [1,6]
which is shown in Fig. 5. It is observed that at low energies it is in good agreement while at Ecm

above and below the barrier it is not able to reproduce the data.
Further, fusion cross-section is summed upto � = 38h̄ (dotted line), based on the assumption 

used in [2,16], and compared with experimental data. It almost showed the same variation as 
shown for � = 26h̄ but showing slight deviation at deep sub barrier energies. Therefore calculated 
8
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Fig. 4. The variation in maximum cross-section (σmax ) (solid spheres) along z-axis, as function of center of mass-energy 
along y-axis and the corresponding angular momentum along x-axis is shown, for SIV force.

fusion cross section is added upto that value of �, called �max , which almost reproduces the 
observed data at a given Ecm, shown by the solid line in Fig. 2. The required angular momentum 
at different Ecm is shown in the inset of Fig. 2.

The comparative study showed that at Ecm ≈ 25 MeV, the fusion cross section is relatively 
small and become very small above �max = 12h̄, thus further addition of the angular momentum 
dependent i.e. upto 26h̄ have no effect on the summed up fusion cross section. However, for 
energies above 25 MeV i.e. above and near the barrier the cross section has relatively significant 
contribution from both below and above � = 12h̄, hence we need different �max at different Ecm, 
lower than 26h̄.

4. Conclusion

We have calculated the fusion cross sections based on the properties of total interaction po-
tential by adding centrifugal potential to the nuclear proximity potential and we found that so 
obtained potential able to reproduce the experimental data within experimental limits of error 
over the entire energy range by adding suitable value of angular momentum without any fitting. 
It is found that properties of total interaction potential i.e. barrier width and barrier position, 
which plays important role in the calculation fusion cross-section varies sufficiently with change 
in angular momentum which were assumed to be constant in refs. [2,16]. The maximum in cross-
section is observed at particular value of angular momentum which is not equal to �max , at given 
center of mass-energy and it increases with increase in Ecm. The cross-section which is calcu-
lated at angular momentum below angular momentum (� = 28h̄) reproduce the experimental data 
very well at energies far below the barrier, however it is overestimating the data close and above 
Coulomb barrier. The same behavior is observed for � = 38h̄ indicating that addition of large 
angular momentum have very small effect on fusion cross-section at low energy range while it 
significantly affect the same at higher energies. However at energies far above interaction bar-
rier for � = 0, large value of �max is required to reproduce the observed data but close to the 
9
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Fig. 5. The comparison of the calculated fusion cross-section as a function of Ecm with the experimental data [1,6] at 
different �max (solid line), at (�max = 26h̄) (dashed line) and with the assumption used in Refs. [2,16] at �max = 38h̄. 
The variation of maximum angular momentum which fitted the experimental data with in the experimental limits of error 
the center of mass energy is shown in inset figure.

barrier energy (VBO ) comparatively small value of �max is required. In future studies, we try to 
incorporate the role of deformations.
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